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We consider both the spatial domain and spectral domain forms of the Green’s function, appropri-
ate in the electromagnetic diffraction of a plane wave incident at a general angle in the zy plane on
a singly periodic structure, or grating, oriented along the z axis. We equate the spatial and spectral
forms of the Green’s function, and so establish expressions from which grating lattice sums can be
evaluated for oblique incidence. We also obtain a set of identities among the lattice sums. We use
these lattice sums in an expression for the Green’s function, which we show to be computationally
fast, if knowledge of this function at several points is required, for small values of y.

PACS number(s): 03.50.De, 42.25.Fx

I. INTRODUCTION

The calculation of the free-space Green’s function
in problems of electromagnetic diffraction by singly-
periodic structures (gratings) is the key to the efficient
numerical solution of many current questions of techno-
logical importance. Recent studies have discussed means
of achieving accurate and efficient evaluations of the two
important forms used for the Green’s function—the spa-
tial and spectral representations [1-5].

The spatial form represents the Green’s function as a
sum of appropriately- phased line sources, and so writes
the solution of the Helmholtz equation in terms of Han-
kel functions multiplied by trigonometric angular depen-
dences. The spectral form represents the Green’s func-
tion as a sum of plane waves, each obeying the appropri-
ate quasiperiodicity condition [6]. Each of these forms is
slowly convergent, and so numerical and analytic strate-
gies have to be devised to enhance the convergence of the
series if prohibitive computation times are to be avoided.

In a previous paper [7], we have studied the case of
normal incidence on a grating. We showed that the spa-
tial form of the Green’s function could be reexpressed in
terms of lattice sums, giving a computationally efficient
expression (provided numerical values of the Green’s
function were required at more than a few spatial points).
Here, we consider the lattice sums and the expression for
the Green’s function, in the case of arbitrary incidence
and quasiperiodicity. We equate the spectral and spa-
tial forms of the Green’s function, expand the resultant
identity using Graf’s addition tneorem, and solve for lat-
tice sums. These lattice sums have only been evaluated
hitherto for the zeroth order case [8]; here, we exhibit
a recurrence formula which extends their calculation to
higher orders. As this recurrence formula becomes un-
stable, numerically, for lattice sums of large orders, we
derive a set of lattice sum identities. A hybrid technique,
based on the recurrence formula and the lattice sum iden-
tities, combined with a simple asymptotic expression, is
capable of providing accurate values (eight figures) of lat-
tice sums of arbitrarily high order. We use the lattice
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sums to construct an expression for the Green’s func-
tion, which we show to converge sufficiently rapidly to
justify its use over other techniques in situations where
the Green’s function has to be evaluated at more than
a few points. (The lattice sums are independent of the
point at which the field is evaluated, and therefore the
time penalty in calculating them is amortised over the
number of Green function evaluations.) We also study
the symmetry properties of the Green’s function, related
to the incidence angle and the reflection of axes.

We present numerical results confirming our method
in both graphical and tabular form, in order to aid those
wishing to implement our methods.

The methods we will describe refer to the spatial form
of the Green’s function expressed in terms of Hankel func-
tions. The basis of Hankel functions does give rise to
a complete expansion of diffracted fields, and is partic-
ularly well adapted to the discussion of gratings com-
posed of wires, having a circular cross section. Our meth-
ods could be generalized to other bases of functions—for
example, Weber functions (parabolic wires) or Mathieu
functions (elliptical wires) [9].

II. LATTICE SUMS

The Green’s function for a one-dimensional array of
line sources spaced d units apart along the z axis, obeys
the inhomogeneous Helmholtz equation:

(V2 + k*)G(z,y; a0) = 6(y) i §(z —nd)e’>™ | (1)

n=—oo

and is given by

LS B0kl ) e,

G(“’? Y5 ao) =1
(2)

where Hél) is the zeroth-order Hankel function of the
first kind and k is the wave number of the medium. An

3143 ©1994 The American Physical Society



3144 N. A. NICOROVICI AND R. C. McPHEDRAN 50

alternative to evaluating the series in (2) is to evaluate
the spectral domain Green’s function [6]

G(z,y; @0) = ‘2% nioo Xin henrelel (3)
where
oz"—ozo-+-nK—ozo—+—2—7drE ,
k2 —an? |, o <k?
Xn = (4)

A. Recurrence relation for lattice sums

By equating (2) and (3) we have

— E : {anz+xnlyl)
= - e . 5
d Xn (5)

n=—oo
We mention that this equation is invariant with respect

oo

to the translations ¢ —» z + md, Vm € Z.
Now, we assume that y = 0 and —d < z < d, so that
|nd| > |z|, Vn # 0. In this case, (5) becomes

H(()l)(klm|)+z Z H}l)(|n|kd)e”¢"(5m0"d
n#0 f=—oo0
x J(k|z|)e~ 0= = % picoz n;oo X'n pinKz

(6)

Here, 6, = nH(—z) and ¢, = mH(—n), where H(n) is
the Heaviside step function:

0 f
H(I):{l fgi

For oblique incidence (ap # 0), the lattice sums are de-
fined by the formula:

T <0
x> 0.

Se(ag, k,d) = ZH}”(m]kd) graond gilen (7)
n#0

For brevity of notation, in what follows we will specify
the arguments of the lattice sums S, only when necessary
to avoid confusion. Starting with the definition (7), we
have

-1
Se=3"HP (nkd)e ™ + S~ HY(|n[kd)e™omde

n=1 n=-—o0

M

n=1

3
Il
-

M

3
Il
o

M

3
Il
-

From the last formula we deduce the relation S_, =
(—1)tS,.

The real and imaginary parts of S, are given by the
expressions

Sae =2y Hyy (nkd) cos (aond)

n=1
= SJ,+iSY, , (9)
Saerr = 20y Hip), (nkd) sin (aond)
n=1
= Z.52Jt+1 - SZ};+1 ) (10)

where §7 and SY are the series involving the J and Y

HY (nkd)et@om® + 3 (~1)*Hy " (nkd)e oo
Hl(l) (nkd) [eiaond + (_1)(641007“1]

HV (nkd) {[1 + (~1)] cos (aond) +i [1 — (—1)¢] sin (aond)} - (8)

Bessel functions, respectively.
We also remark that the lattice sums satisfy the rela-
tion

S_eJ_g(kz) = SeJo(kz) .

so that, with z restricted to the range 0 < = < d, (6)
may be written in the form

H (ka) + SoJo(kz) +2' " SeJe(ke)

=1

2 Z‘” 1 inkz
— e’laot R elTL T X (11)
n:——oox

n

S|
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Taking into account that oo = k sin6;, 6; being the in-
cidence angle, and, consequently k > |ag| > 0, the right
hand side of (11) may be separated into propagating and
evanescent sums as follows:

rnKz —1.nK:|:
zaoz
Xo-‘-z—:\/kz—a2 E\/z_az

oo inKz B e—an:c
Z ) 2 _ L2 : : .
n=n;+1 1/ Qn k n=nz+1 7«\/02_" — k2

+

(S8 +1)Jo(kz) + 2" 83, Jae (k)
=1

and

oo oo 92 ny .
Yo(kz) + S§ Jo(kz) + 2 Z Sy, Jae(kz) + 2 Z Sypr1J2e41(kz) = ; { sin (o) Z sin (anz) Z
£=1 £=0

By solving these equations for the lattice sums we ob-
tain the formulas (A1), (A9), and (A10) for S/, the for-
mula (A4) for SY, and the recurrence relations (A13)
and (A14) for S} . (See Appendix A.) Due to the length
of these formulas we have presented them only in the
Appendix A.

B. Lattice sum identities

An alternative method of evaluating lattice sums is
provided by the method of lattice sum identities. These
have previously been discussed only in the context of lat-
tice sums for Laplace’s equation [10], and for doubly-
periodic systems with normally-incident radiation [11].
The extension reported here to the Helmholtz equation
for an off-axis incidence requires a substantial generaliza-
tion of the symmetry arguments used previously.

The definition of the lattice sums (7) may be general-
ized for an arbitrary origin. If we choose the reference
point at (d/2,0), the corresponding definition for the lat-
tice sums is

s} (o, k,d) = Z H® (k|nd — d/2|)eiteneixond (14)
where o = m, while the lattice sums evaluated with
respect to the point (—d/2,0) are given by the formula:

-2 Z S§+1J2[+1(k:1:) =
£=0

where

2mny < (k- ag)d < 2m(ny + 1),

2mng < (k+ ap)d < 2m(ny + 1) .

The separation of real and imaginary parts in (11)
leads us to a pair of equations for the lattice sums:

sin (a,z

2 [ cos (o) *, cos |
d Z /kz_az n_;ﬂ [a2 — k2

na sin (@—nz) }, (12)

cos (a_nx)
+7; \/kz —-a?, * n:Z,;l \/az_,, — k2

cos a,,a:

<2, sin ( (a—n) >, cos(a_nz)
+ — B ——————— - (13
r; \/kz —-a?, n=nzz+1 \/012_,, - kz} :

(ao,k d Z H(l) k|nd+d/2|) llq:nezaond (15)

n=-—oo

where o = 0.
The two quantities, defined in (14) and (15), satisfy
the relation:

s (o, k,d) = e s, (g, k,d), (16)

which follows from their definition.

We express the lattice sums s/ and s; in terms of
the lattice sums (7). This leads us to the lattice sum
identities (C13) and (C15) for the lattice sums S; and
Sy, respectively (see Appendix C). In what follows we
will use (C13) and (C15) to evaluate the lattice sums.

In the case of normal incidence (ap = 0), all the lattice
sums of odd order vanish [7], and we obtain the lattice
sum identities:

Jae—1(kd/2) + ST Jog_1(kd/2)

+ Z [J22-1-2m (kd/2) + J2e—1+2m(kd/2)] Sz{m =0,

m=1

(17)
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Yar—1(kd/2) + S¥ Jae_1(kd/2)

+ Z (J2t—1-2m(kd/2) + J2e—142m(kd/2)] SY, = 0.

m=1

(18)

The first equation is identically satisfied by the expres-
sion [7):

_ 2 4 X cos (2 arcsin (nK/k))
S de,0 + *d + d ;;1 "= (nK)? )

where 27n; < kd < 27(n, + 1).

(19)

III. THE QUASIPERIODIC GREEN’S
FUNCTION

A. Green’s function in terms of lattice sums

The Green’s function, given by (2) or (3), is quasi-
periodic and satisfies the relation:

G(d/2,y; a0) = €% G(-d/2,y;0) ,

Within the domain defined by —d/2 < =z < d/2 and
—d/2 <y < d/2, we may apply Graf’s addition theorem
for the Hankel functions and expand (2) in terms of Bessel
functions:

Vy € [0,00). (20)

Re[G(z,y; a0)] = %{Yo(kr) +
=1

1 o0
G(z,y;a0) = " [H(l)(kr) + Z
£=—o00

Sg.][(kr)e_iw}

1 .
= 4 [Hg”(kr) + SoJo(kr)

=1

+2 i S¢Je(kr) cos (39)} .
(21)

where r and 6 are the polar coordinates in the zy plane.
In this way, the Green’s function for off-axis incidence is
represented as a Neumann series with coefficients given
by the lattice sums.

The sources of the Green’s function (21) are located at
x = 0 [represented by Hél) (k7)] and z = nd, with n =
+1,42,... (represented by the series). Therefore, the
radius of convergence of the series in (21) is r = d. These
physical arguments are supported, mathematically, by
the asymptotic estimates for the S} with large £, given
by the nearest-neighbors approximation:

SY, = 2Ya(kd) cos (aod) . (22)
SY,_1 ~ 2Ya_1(kd)sin (aod) . (23)

The lattice sums S; are bounded for all £. Thus, the con-
vergence radius of the series (21) follows from the con-
vergence criteria for Neumann series [12].

Substituting (9) and (10) in (21), we obtain the real
and imaginary parts of the Green’s function:

S¥ Jo(kr) 42 Z Szlegg(k'r) cos (246) + 2 Z S3e_1J2e—1(kr) cos [(2¢ — 1)6]

53, } ,(24)
£=1

1 o
Im [G(z,y; a0)] = ~1 {Jo(kr) + S Jo(kr) + 2 Z S5y Jae(kr) cos (26)
-2 Z Sg’l_lng_l(kr) cos[(2¢ — 1)0]} . (25)
=1

We mention that, in the case of normal incidence (ap =
0), when all the lattice sums of odd order vanish, these
equations become

Re[G(z,y;0)] =

i {Yo(kr) + S¥ Jo(kr)

+2 i S, J2e(kr) cos (250)} ,  (26)

=1

Im [G(z,y;0)] = -%{Jo(kr) + Sg Jo(kr)

+2 i S5y Jae(kr) cos (2@0)} .27

=1

By substituting (19) in (27), we obtain

(G 2, 310)] = _—212 1, cos (nK:z)zncos (xny) . (28)

n=-—n,
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Consequently, the imaginary part of the Green’s function
is bounded and the sources of the Green’s function are
represented by the real part only. At the same time, the
imaginary part of the Green’s function is related with
propagating waves, while the real part is related with
evanescent waves.

In particular, for incident radiation with the wave-
length A > d (kd < 2m; ie., ny = 0), from (28), we
find that the imaginary part of the Green’s function is
independent of z:

1
Im [G(z,y;0)] = ~%%q ©°8 (ky) .
In the case of oblique incidence we obtain a decomposi-
tion of the Green’s function, for propagating and evanes-
cent waves, of the form

G(z,y; a0) = Gpw(z,y;20) + GEw(z,y;20),  (29)

where

1 &8 e'*n® cos (xn
Gpw(z,y;20) = %d Z ———X—E—y), (30)

n=—nz

1
Gew(z,y;20) = Z{YO(’W’) + 83 Jo(kr)

+2 Z S, Jze(kr) cos (2£6)
£=1

+24 i SY,_1Jae—1(kr) cos[(2€ — 1)0]} .

(31)

In Figs. 1 and 2 we display graphs of the real and
imaginary parts of the functions G, Gpw, and Ggw. It
can be seen that for A < d (Fig. 1) the behavior of the
Green'’s function is dominated by the propagating waves.
The minimum exhibited by the function Ggw at z = 0
is generated by the term Yy(kr) in (31). As |y| tends
to zero, this minimum becomes a logarithmic singularity,
describing the source at the origin.

In Fig. 2, A > d and the behavior of the Green’s func-
tion is dominated by the evanescent waves. This creates
a more pronounced minimum of Re[G], at z = 0, for the
same value of |y| as in Fig. 1.

In both cases (A < d and A > d), the asymmetries
of the Green’s function (in amplitude and phase), with
respect to the reflection £ — —z, are due to the fact that
GEw is in phase or antiphase with Gpw. Therefore, the
decomposition (29) of the Green’s function is interesting
for physical interpretations.

B. Symmetry properties of the Green’s function

From the expression (2) we find that, in addition to
(20), the Green’s function satisfies the relation:

3147
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FIG. 1. The case of a radiation with A = 0.23, incident at
an angle §; = 7/8 on a grating with d = 1. The real and
imaginary parts of the Green’s function G (solid curves) and
its components Gpw (thin dashed curves) and Gew (thick
dashed curves), for |y| = 0.03.

G(d/2,y;a0) = giaod G(d/2,y;—a) , Vy € [0,00). (32)

We may split the Green’s function into two parts; one
of them symmetric with respect to the transform ay, —
—ay, and the other antisymmetric with respect to the
same transform:

G(z,y; 0) = Gs(z,y; 0) + Ga(z,y; a0) .

The lattice sums satisfy the relations (C9) and (C10), so
that, from (21), we deduce

1
Gs (3), Y5 C!()) = :1; [H(gl)(k'l') + S()Jo(k?")

+2 Z SaeJa(kr) cos (246) |, (33)
£=1
1 oo
Ga(z,y;00) = % Z Sat—1J20—1(kr) cos[(2¢ — 1)8)].
£=1

(34)

As well, these two functions are symmetric and antisym-
metric, respectively, under the reflection z — —z:
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Re (G, G

PW / GEW)

FIG. 2. The case of a radiation with A = 1.77, incident at
an angle 6; = 7/8 on a grating with d = 1. The real and
imaginary parts of the Green’s function G (solid curves) and
its components Gpw (thin dashed curves) and Gew (thick
dashed curves), for |y| = 0.03.

Go(x,y;0) = Go(,y; —a0) = G4(—,y; x0)

= G,(~z,y; —ao) ,

Ga(z,y;20) = —Ga(z,y; —a0) = —Go(—2,y; o)

= Ga(—wv Y —Cl()) 3

so that, the Green’s function is invariant with respect to
the combined transform (z — —z, ag = —ao).

We choose a point r = (d/2)X+y¥, located on the sym-
metry line £ = d/2 (X and § represent the unit vectors
along the z and y axis, respectively). For y € [—d/2,d/2],
by substituting in (33) and (34) the series expansions:

HPkld/2)x+y3ll = > Hi(kd/2)Jom (ky)(-1)™,

m=—00

Jolk|(d/2)% +y9)| = Y Jom(kd/2)Jzm(ky)(-1)™,

m=—00
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Je[k|(d/2)% + y¥|] cos (£8)

= 3 Jeam(kd/2)Jam(ky)(~1)".

m=—0C

and by using the lattice sum identity (C11), we obtain

. d
Ga(d/2,y;00) =1 tan (9;— Gs(d/2,y;a0) . (35)

Vy € [~d/2,d/2] .

Consequently, along the symmetry line ¢ = d/2, the
Green’s function may be written in the form

C!()d

G(d/2, ;o) = [1 +i tan (T)} Gu(d/2,y: ) . (36)

The lattice sum identities (C8) and the symmetry re-
lation (35) are equivalent. The quasiperiodicity relation
(20) follows from anyone of them.

We mention that, for ¢ = 0, the antisymmetric part of
the Green’s function vanishes, and the Green’s function
exhibits a logarithmic singularity at the origin.

As the decomposition of the Green's function into the
symmetric and antisymmetric parts is very suitable for
numerical calculations (discussed below), we mention the
relation between these components of the Green’s func-
tion and the decomposition (29):

Grw(z,y; a0) = Re[Ga(z,y; o)) + ¢ Im[G (2, y; o).
Gew(z,y; 20) = Re[Gs(z,y; a0)] + ¢ Im[Ga(z, y; )]

IV. NUMERICAL RESULTS

A. Evaluation of the lattice sums

The recurrence relations (A13) and (A14) become un-
stable, numerically, for lattice sums of order £ > kd. One
reason for this may be seen in the first two terms in square
brackets on the right hand side, where we evaluate an in-
verse square root, and then subtract an increasing num-
ber of terms in its expansion.

Instead, we may use the linear system provided by the
lattice sum identities (C15). In order to truncate this
sytem, we make use of the fact that, for large orders,
the lattice sums are well approximated by the nearest-
neighbors estimates (22) and (23). By adding and sub-
tracting the asymptotic series for S} , in (C15), we obtain
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[cos(aod) — (—1)‘] {Y[(kd/Z) + [53’ — 2Yo(kd) cos(aod)] Je(kd/2)

m=1

+ i [Je-2m(kd/2) + Jr42m (kd/2)] [S3n — 2YV2m (Kd) cos(aod)]}
- sin(aod){ i‘ [Je—2m+1(kd/2) = Jer2m—1(kd/2)] [SFn_1 — 2Yam—1(kd) sin(crod)] }

+ [cos (aod) — (—l)l] {2%(1«1) cos (apd)Je(kd/2)

m=1

42 i [Je—2m(kd/2) + Jer2m(kd/2)] Yom (kd) cos (aod)}

— sin (aod) {2 i (Je—2m+1(kd/2) — Jer2m—1(kd/2)] Yom_1(kd) sin (aod)} =0. (37)

For the last two series, we get a closed form sum by means of Neumann’s addition theorem [13]:

oo

Y, (kld — d/2|) = Z Yerm(kd)Im(kd/2) = 37 Ya(kd)(=1)**"Jo_n(kd/2),

m=—00 n=—oo

oo

Yy (k|d + d/2]) = Z Yeom(kd)Jm(kd/2) = 3 Ya(kd)Jen(kd/2).

m=—00o n=—oo

Consequently, we have

Ye(3kd/2) + (—1)*Y,(kd/2) = 2 i Yam (kd)Jo—2m(kd/2),

m=—00

Y, (3kd/2) — (—1)*Ye(kd/2) = 2 i Yom—1(kd)Je—2m+1(kd/2),

m=—00

and (37) takes the form

[cos(apd) — (~1)t]{Yl(3kd/2) cos(aod) + [Sg’ — 2Yy(kd) cos(aod)]Je(kd/2)

+ i (Je—2m1(kd/2) + Jps2m1(kd/2)][Stm1 — 2Yami(kd) cos(aod)]} - sin(aod){}’}(3kd/2) sin(aod)

m=1

£S5 Vicamss (/2) = i ams (6/ ][k — 2¥am 2 (kd) sin(aodn} -o. (38)

m=1

We introduce the new unknowns:

1 SCY ¥ 0 o
Te=5 {W = [1 4 (=1)°] cos (@od) — [1 — (-1) ] sin (aod)} ,
and truncate (38) to the order N:

N
2([cos (aod) — (~1)Y] {Yo(kd)J,(kd/z)xo + 3" Veezm(kd/2) + Jrr2m(kd/2)] Yg,,,(kd)a:zm}

N
~2sin (apd) { Z [Je—2m+1(kd/2) — Jpt2m—1(kd/2)) Yzm—l(kd)-’b‘zm—l}

m=1

= {— [cos (@od) — (=1)*] cos (od) + sin*(agd) } Ye(3kd/2). (39)
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This method of truncation assumes that for £ > N +1
the equations (22) and (23) are exact; i.e., z, = 0, for
£ > N + 1. Consequently, the accuracy of the values of
the lattice sums, obtained by this method, depends on
how close the lattice sums of order larger than N are to
their nearest-neighbors estimate. But, at the same time,
too large a system of the form (39) is ill conditioned.
This is due to the fact that the lattice sums S}, of high
order £, become large (see Tables I and II).

In order to avoid these difficulties we choose a hybrid
technique: first we evaluate M lattice sums using the
recurrence relations (A13) and (A14), then, we solve the
system (39) for the unknowns {zs,...,zn}. The lattice
sums of order larger N are given by (22) and (23).

In the Tables I and II we display the results from the
hybrid method in different cases. These numerical results
were obtained with a MATHEMATICA program run on a
SPARC-10 computer workstation. The precision was of
32 digits for the recurrence relation and 16 digits for the
lattice sums identities.

In Table I, for a short wavelength (A = 0.23), we eval-
uated the first 12 lattice sums S} by means of the re-
currence relations (A13)—(A14). From the first column it
can be seen that the number of significant digits decreases
rapidly for £ > 14 and the algorithm fails completely for
£ > 21. With the first 12 lattice sums (M = 11) we solved
the system (39) for the lattice sums {S},,...,S}}. The

TABLE I. Off-axis incidence at §; = n/8 for A = 0.23 and d = 1.
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numerical results show a good agreement between the
lattice sums given by (A13) and (A14) and the lattice
sums from (39) for £ = 12,...,17, the relative error be-
ing less than 107°. Actually, a direct comparison with
numerically-evaluated partial sums of high orders in (9)
and (10) shows the validity of the results from (39). For
¢ > 43 we have a relative error less than 107 between
the results from (39) and the nearest-neighbors estimate
(22) and (23). We may say that the lattice sum identities
are filling the gap between the highest-order lattice sums,
which can be obtained (with high accuracy) from the re-
currence relation, and the lattice sums of order ¢ > kd.
for which we may use the nearest-neighbors estimate.

Trying to solve the lattice sum identities directly for all
the lattice sums {SY , ..., SX}, we obtained a strongly ill-
conditioned matrix of the linear system (39), which gave
inaccurate numerical results. In this particular case, the
values of the lattice sums for £ < kd are less than 1, while
starting with ¢ ~ kd, the corresponding values increase
rapidly. The rapidly increasing dynamic range of the
elements of the matrix then renders a numerical solution
difficult.

The gap between the highest order of the lattice sums.
for which the recurrence relation may be used, and the
order, from which we may use the nearest-neighbors esti-
mate, becomes smaller as A increases and almost vanishes
for A > d (see Table II). At the same time. we may ob-

The first 50 values of

S¥ (awo, k, d) obtained by the hybrid technique. The columns labeled by RR, LSI, and NNE represent
the results from the recurrence relation, lattice sum identities, and nearest-neighbors estimate.

respectively.
¢ RR LSI NNE V4 LSI NNE
0 0.16104658 —~0.15490169 25 -0.73723782 0.08729420
1 —0.15571020 0.04092682 26 —~0.84071354 0.15349761
2 —0.17175436 0.15670328 27 1.25296581 0.39864653
3 0.21469466 —~0.00276611 28 1.25235165 0.32030707
4 0.20898202 —0.15706857 29 —0.27214775 0.69337924
5 —0.33567720 —-0.07373322 30 —~0.21206723 0.56484202
6  —0.28765032 0.14083998 31 2.32434610 1.36989324
7 0.51161439 0.17662615 32 1.90261541 1.30453117
8 0.42758564 —-0.08641471 33 3.04452690 3.71302066
9  —0.70236456 —0.26080170 34 3.54658672 4.08919537
10  —0.63440080 —0.01690913 35  1.35236736 x 10  1.32157376 x 10'
11 0.82304881 0.24021297 36  1.68887646 x 10!  1.62721770 x 10'
12 0.86221953 0.86221953 0.13322440 37  5.78366481 x 10!  5.81116788 x 10'
13 —0.79590391  —0.79590391  —0.04555448 38  7.78280644 x 10*  7.83761061 x 10*
14  —0.99299669 —0.99299669 —0.15929326 39  3.05006107 x 10>  3.04528242 x 10°
15 0.6940737 0.69407376  —0.22598549 40  4.44594709 x 10°  4.44428948 x 10°
16 0.925426 0.92542628 0.01007588 41  1.85977359 x 10®  1.86003691 x 10°
17 —0.80574 —0.80574556 0.24561508 42  2.91269330 x 10®°  2.91258398 x 10°
18 —0.7898  —0.78977182 0.17372668 43  1.30344632 x 10*  1.30348112 x 10*
19 1.234 1.23405074 0.13514144 44  2.17605509 x 10*  2.17603499 x 10*
20 0.92 0.92086218  —0.06069772 45  1.03546461 x 10°  1.03545949 x 10°
21 —1.3  —1.32456842  —0.28295378 46  1.83351911 x 10°  1.83352667 x 10°
22 —1.18802661 —0.20086894 47  9.23413193 x 10°  9.23413734 x 10°
23 0.66196236  —0.25512245 48  1.72712539 x 10°  1.72712420 x 10°

24 0.93854254

—0.05743088 49

9.17081576 x 10° 9.17081491 x 10°
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TABLE II. Off-axis incidence at 6; = n/8. The first 30 values of S} (o, k,d) obtained by the hybrid technique for A < d
and A > d (d = 1). The columns labeled by RR, LSI, and NNE represent the results from the recurrence relation, lattice sum

identities, and nearest-neighbors estimate, respectively.

A =046 A=177
) RR LSI NNE RR LSI NNE
0 0.360931 0.062430 0.163655 0.071023
1 —0.089475 0.355328 0.437841 0.807986
2 —0.418275 —0.091856 0.028366 0.027118
3 0.218864 —0.307767 —0.354132 —0.666248
4 0.586162 0.168317 —0.517756 —0.269894
5 —0.560586 0.133463 —2.080086 —2.155066
6 —0.817395 —0.817395 —0.223579 —1.014262 —1.014262 —1.038923
7 1.154748 1.154748 0.213834 —1.461940 x 10* —1.461940 x 10! —1.413538 x 10t
8 0.978117 0.978117 0.099622 —1.009441 x 10* —1.009441 x 10* —1.097967 x 10*
9 —1.647013 —1.647013 —0.420164 —2.163098 x 102 —2.163098 x 102 —2.154150 x 102
10 —1.056687 —1.056687 0.213533 —2.208925 x 102 —2.208925 x 102 —2.245072 x 102
11 1.330980 1.330980 —0.132655 —5.654732 x 10° —5.654733 x 10° —5.651758 x 10°
12 1.599493 1.599493 —0.092692 —17.306239 x 10° —17.306236 x 10° —17.326839 x 103
13 —1.144024 —1.144024 0.420621 —2.241451 x 10° —2.241451 x 10° —2.241200 x 10°
14 —2.327877 —2.327877 —0.360135 —3.463669 x 10° —3.463672 x 10° —3.465662 x 10°
15 2.471472 2.471472 0.884683 —1.245601 x 107 —1.245602 x 107 —1.245569 x 107
16 1.19337 1.193368 —0.738811 —2.2344 x 107 —2.234435 x 107 —2.234724 x 107
17 0.3802 0.380201 2.175673 -9.22 x 108 —9.219702 x 108 —9.219651 x 108
18 —4.03 —4.032610 —2.324140 —1.881 x 10° —1.881359 x 10° —1.881410 x 10°
19 11. 10.925802 8.654941 —8.758 x 10*° —8.758049 x 10*° —8.758034 x 10*°
20 —9.552479 —1.129392 x 10! —2.002 x 10! —2.002362 x 10! —2.002381 x 10!
21 4.747525 x 10! 4.982314 x 10? —1.0378 x 10*3 —1.037829 x 103 —1.037829 x 10*3
22 —7.743048 x 10! —7.535197 x 10! —2.627217 x 103 —2.627216 x 103
23 3.809760 x 102 3.793531 x 10! —1.500109 x 105 —1.500109 x 10'°
24 —6.451198 x 10 —6.471999 x 10 —4.164540 x 10'° —4.164547 x 10*°
25 3.640365 x 10° 3.641961 x 103 —2.597026 x 107 —2.597026 x 107
26 —6.894904 x 103 —6.892827 x 103 —7.844496 x 107 —17.844493 x 107
27 4.275678 x 10* 4.275495 x 10* —5.304149 x 10*° —5.304148 x 10'°
28 —8.870288 x 10* —8.870494 x 10* —1.731668 x 102° —1.731668 x 102°
29 6.002649 x 10° 6.002646 x 10° —1.261826 x 1022 —1.261826 x 1022

tain a high accuracy by using the recurrence relation only
to evaluate the first six lattice sums, and the lattice sum
identities for the remaining 23. This gives a matrix of re-
duced size in the linear system (39), and avoids inversion
of ill-conditioned matrices.

B. The Green’s function

The main advantage of using the lattice sums method
is that, for a given problem of electromagnetic scatter-
ing by a grating, defined by (k,d, ap), the coefficients of
the series (21) have to be evaluated once only. This in-
creases appreciably the speed of numerical evaluation of
the Green’s function at any point in the zy plane.

After substituting (9) and (10) in (33) and (34), we
use the fact that the series involving the S; have the
closed-form sums:

2 Z Sye_1J2e—1(kr) cos [(2¢ — 1)6]
£=1

_2 o\ €0s (xny) sin (anz)
=7 2 -

’
n=—ny

Jo(kr) + S Jo(kr) + 2 > S5, Jae(kr) cos (268)
£=1

=\ €08 (Xny) cos (anT)

Xn

2
d

n=—msz

These formulas are obtained by direct substitution of
(A9) and (A10) in the corresponding series.

For numerical calculations, we may accelerate the se-
ries containing the S} by means of Kummer’s method.
Therefore, we add and subtract the asymptotic series
given by (22) and (23). Then, we use the relations:

Yo(k|r — dx|) + Yo(k|r + dX|)

=2 i Yae(kd)J2e(kr) cos (2£6) ,

f=—oc0
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Yo(k|r — d%|) — Yo(k|r + d%|)

£=—o00

Yzl_l(kd)ng_l(kT) Ccos [(2@ - 1)0] 3
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which are valid for |r| < d.

Finally, we truncate the remaining series to order N,
so that the symmetric and antisymmetric parts of the
Green’s function take the form

N

4G, (z,y; a0) = Yo(kr) + [Sg’ — 2Yo(kd) cos (aod)] Jo(kr) + 2 Z [S;l — 2Y3¢(kd) cos (aod)] Jae(kr) cos (2¢6)

=1

+ [Yo(k|r — d&|) + Yo(k|r + d&|)] cos (aod) — i~ o= (anz) o8 (Xny) (40)
d n=-—mn; Xn
2 o~ sin(an,z)cos (xny) d
4G, (z,y;0) = y n:Z:M n - 2+ 22'; [S3¢—1 — 2Y2¢-1(kd) sin (aod)]|
X Jap—1(kr) cos [(2¢ — 1)0] + ¢ [Yo(k|r + dX|) + Yo(k|r + dX|)] sin (apd) . (41}

and the Green’s function may be evaluated from

G(z,y;20) = Gs(T,y; 20) + Ga(z,y; 0) - (42)
The symmetry properties of the Green’s function imply
that

G(-—:L‘, Y5 (1()) = Gs(zay; aO) - Ga(z" y;a()) .

Therefore, the Green’s function in the range z €
[—d/2,0) is completely determined by the knowledge of
the Green’s function in the range z € (0,d/2].

In Table III, the timing (77) for Eq. (42) represents
the time to evaluate the Green’s function for the first
point (z,y). To do this, a set of lattice sums S} up to
the order n = N —1 has to be evaluated. (For the case of

TABLE III. Off-axis incidence at 6; = m/8.

Table III, the CPU time required to evaluate 12 lattice
sums from the recurrence relation was 878 s, while the
corresponding time for the next 38 sums from the lattice
sum identities was 353 s, giving a total of 1231 s.) All
other subsequent evaluations of the Green’s function, at
any other point (z,y), in the table, use this set, and so
require far less computation time.

The use of Eq. (3) for |y| > 0.03 is computation-
ally advantageous, whereas for |y| < 0.003, Eq. (42)
is superior if more than 30 Green’s function evaluations
are required. The lines labeled O(1/n®) represent the
cubically-convergent series of the spectral domain form
for the Green’s function [7]. We stopped this series and
the series in (3) when the relative difference of two suc-
cessive partial sums was less than 1071%. From (42) we
obtain a very good approximation of these results sum-
ming only a reduced number of terms.

Comparison between different numerical meth-

ods to evaluate the Green’s function (d = 1). In the first column O(1/n®) represents the cubi-
cally-convergent form of (3). The columns 5 and 6 display the real and imaginary parts of the
Green’s function, N represents the number of terms in the corresponding series and 7, is the

computer CPU time, in seconds, required for n independent evaluations.

Eq. A T y Re[G(z, y)] Im[G(z, y)] N T Tso  Tioo
(3) 0.23 0.2 0.03 0.117120006144932 -0.108131857633201 154 4 225 407
O(l/n3) 0.117120006144931 -0.108131857633201 121 8 372 725
(42) 0.117120006141860 -0.108131857633197 25 1232 1288 1347
(3) 0.23 0.2 0.003 0.115891895634567 -0.103497063599642 1386 36 1818 3855
O(l/ns) 0.115891895634567 -0.103497063599643 836 48 2433 4649
(42) 0.115891895630095 -0.103497063599643 25 1232 1288 1345
(3) 0.23 0.2 0.0003 0.115881138140449 -0.103450147416784 12681 366 16904 33577
O(l/na) 0.115881138140448 -0.103450147416785 5416 301 15353 31959
(42) 0.115881138135960 -0.103450147416785 25 1232 1292 1349
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V. CONCLUSIONS

We have presented methods for evaluating to high ac-
curacy lattice sums for the Helmholtz equation in the
case of diffraction gratings. We have shown how these
lattice sums provide a computationally efficient way of
evaluating the corresponding free-space Green’s function
G(z,y; ag), when results of high accuracy are required for
small values of |y|. The generalization of our methods to
the calculation of Green’s function in dielectric and lossy
materials will be the object of future work.

The methods we have described involve complicated
intermediate formulas, but their results are not difficult
to implement numerically. We will be happy to provide
on request copies of the MATHEMATICA implementation
of our method. Its implementation in languages such as
FORTRAN should provide no great problems.
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APPENDIX A: RECURRENCE RELATIONS
FOR THE LATTICE SUMS

We obtain the same pair of equations, as (12) and (13),
but for —z, if we consider —d < z < 0in (6), with §, = 7.
Therefore, (12) and (13) are valid for z € [—d,d] \ {0},
i.e., z in the range [—d, d] excluding the origin.

In the limit z — 0, (12) leads us to the formula [8]

sg=—1+§

1L

Xo 1; VE? — a2
n2 1

+7;1 \/kz—-az_n]‘

To evaluate the same limit for (13), we replace Y, by
the Neumann series [13]:

Yo(ke) = 2 [m (’“2‘”) +7] Jo(kz)
x Z

where « is the Euler-Mascheroni constant, so that (13)
becomes

(A1)

Jzt (kx), (A2)
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{s.,Y +2 [m (k—lj—') + ’y] } Jo(kz)

#2355t = 26K i) +2 3 Shssren b

£=0

2 ( sin aoz Z‘ sin (@, ) cos anm)
~d 2 _ o2 Z 2 _ L2
d VB —aZ L \JoZ—k

i cos (a—nz) } (A3)

sin (a—nz)
+r; \/k2 —-a? n=nz2+1 \/az_n — k2

In the right hand side, the sine functions tend to zero
and for the remaining terms we apply the Kummer trans-
form for series acceleration [13]. In the first series, we use
the asymptotic form

1 1 1
ol ~ VJaZ -k nK

Then, we add and subtract the corresponding asymptotic
series so that the series becomes

asn — 00.

Z cos a":c cos a,,a: 1
2 __ 2 Z 2 — b2 n
n=nit1 VOn k n=ny+1 a k nK

ny

_ZnK Zcos a,T

We transform in the same way the second series in (A3).
Finally, the zeroth-order approximation in z, and the
substitutions a, = ap = nK and K = 2x/d, give us

_9 1
{:;:Z;ﬂ {\/(27"" + aod)? — k2d? 27""]

L 1 S
Z V(210 — apd)? — k242 27n

n=nz+1
11 1 &1
"o 2nam ;}
1 {i cos [(nK + ag)z] + cos [(nK — ag)z] }
(z~0)

n
n=1

The last series may be expressed in terms of Clausen’s
function (see Appendix B) and, for small z, we obtain

2 >, cos (nKz)
—; COos (agz:) Z ——n—

n=1

= —; cos (aoz)Cly (Kz) =~

Finally, substituting in (A3) and with J;(0) = d¢,0, we
obtain the formula [8]
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SY = _2 1 k- + n

o - p n 2K 0% Z Z

B 2| ( A4

HZZ;H [\/(27"” — apd)? — k2d? 27rn} } (A4)

The two limits, (A1) and (A4), are the same for ¢ — 07 and £ — 0™, which proves the continuity of the equations
(12) and (A3) at z = 0. Consequently, these equations are defined over the whole interval [—d,d]. The symmetry
properties of (12) and (A3), with respect to the reflection £ — —x, allow us to split them into four equations:

{n:"21+1 [\/(27”" + apd)? — k2d? 27

J > 2 (cos (@) <= cos ( T n X
(S5 +1) Jo(ka) + 23" S, Jas(ka) = E{ 0 Z:: kz_az Z%ﬂ}, (A5)

£=1 n=1 \/k2 — a{n
> 1 { sin (o) — sin (anx %, sin (
3 s, -2 0 Z S (an) Z .
241200 (k) d{ Xo =1 k,2 - ol 4 \/ — 2 : (A6)

£=0

() 25 -

ERE

(_l)fJ Jae(kz)

¢
cos (ap) i cos (a_p)
e N AT
{ ~nzl+1 Vi —k? ngﬂ \/ainwkz} A7

Q.kw

Il > sin CX_ I
Szt+1J2£+1(k17 o —— (AB)
; ~—HZ1+1 V a2 - k2 n=ns+1 \/ — k2

In the first two equations, |ao| and |ag+nK| are less than sin (zz) = sin {kz sin [arcsin (2/k)]}
k. Consequently, the general solutions are obtained by
substituting in the right hand sides the Jacobi expansions =2 Z J2e+1(kz) sin [(2£ + 1) arcsin (z/k)],
[13]: =0
cos (zz) = cos {kz sin [arcsin (z/k)]} where z stands for ag and a,,, respectively. By equating
g ] the coefficients of the corresponding Bessel functions we
= Jo(kz) + 2 Z J2e(kz) cos [2¢ arcsin (z/k)], obtain the general solutions of (A5) and (A6), in the form
Si, = —p0+ 2 cos [2¢ ar;:sin (:xo/k Z cos [2¢4 ar2csm (?n/k)] . "22 cos [2£ arcsin (a_,/k)) 7 (A9)
k% — a2 e V2 — a2 “ \/kz —a?

_ 2 sin[(2¢+ 1) arcsin (ao/k)] = sin [(2€ + 1) arcsin (an/k)] = sin [(2 + 1) arcsin (a_,/k)]
Syer1 = E{ e 0 +; ot +; \/kTiS;_z } (A10)
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Now, let us consider first the right hand side of (A8). We expand

[(nK:i:ozo)2 k2 —z K Z (:i:z ) ()

where P, are Legendre polynomials and ¢ = iag / Xo = i tanf;. By applying Kummer’s method and expanding the
sine functions we obtain the coefficient of 22V +! in the form

1 1

. Xo \*
va2 — k2 ~nK = (z#) Fu(e)
oo a2N+1 1 1 2M+1 . X 8
+n_;2+1 2N+1) [\/;2__?~R Zo (—1771%) P,(w)]}

1 oo N a2N+1
‘E{ > DY onT

n=n;+1

-n

1 ny v 2N+ 2M+1 X0\
Ton {;( Ve Tim X (k) PO

n2 2N+1 2M+1

+';(—1)N(_21%1)!5 ; (“if_lz)ﬂpa(w)} ) 22_1;?—1 |

Here, M > N and cyn 4, is the coefficient of 2V +1 in the expression

1 (X sin (anz) M xo > sin (a _,,:1:) ks Xo
HE TR Y (R per 5 Y (3 o)

M M 2841
Z( ) Pa(p )sin(aox)Clg,H(Kz)—{-Z(i%) Piat1(9) cos (aoz) Claysa(Kz) .

=0

Substituting (B2) and (B3), and expanding the trigonometric functions we get

2N+1 N 2n n—1
— (_1\N ao 2N +1 E _ B2n-2a & 2e
can+1 = (=1) 2N +1)! ~ ( ) (ao) { L4 2n—2s (zK) P.(#)

) Pan(p i‘ (i%)Z‘Pz,(w)C(2s+1—2n)}

( X0

K s=n+1

2N+1 N 2n+1 n—1
N_ o 2N +1 _ Ban—2s (.X0)2¢+1
LA Y Z(2n+l)( ) { a=02n—23(zK) Paesa(¥)

2n+1 M 2841
+Hlon+1) ~in (K2) (2)" (o) + Y () Pz~+1<so)<<zs+1—2n)}.

=n+1
(A11)
The Legendre polynomials satisfy the relation
2N+1 n
2N +1 1
S ( . ) (_;) P.(¢) =0, (A12)
n=0

so that the coefficient of the logarithm vanishes.
By equating the coefficients of z2¥+! in (A8) we obtain the recurrence relation



N. A. NICOROVICI AND R. C. McPHEDRAN
N IN +1 k 2N+1
Z("l) N—2¢ ) Szt+1 (§>
£=0

1 oo 1 1 2M+1 Xo
_ aiN-H _ Ps(<p)
d {ﬂzgl:-Fl { an® — k2 nk =0 ( nK)

Py e L LI ey
nenat1 \/az —k2 nK = TLK

—n

1 ny a2N+1 2M+1 Yo \* ng a2N+1 2M+1 Xo
+-{2 D (i2%) aww; )y (-i%%) Ps(so)}
2N+1

B () () mese -5 () (2)
EEE)

where

P _n»—l an 28 X0 P M ) . , Xo zsP
n—szom( K) Zs(‘ao)*s;lq s+1—2n) (z?) 25 ()
n—1 N M )
o fiz;:(?f el = Y c@sr1-2m) (52)7 Paato).
s=n+1

For the equation (A7), the same method gives

({2 () (8 oo 2 ()} ()

oo 2M
Y e - 3 (<X Rp)
ntin \/agn _k2 nK 4 nK
1 ny o? 2M Xo \* n2 2N 2M Xo \*
l On_ P, —n —iX\ p,
+7T =1 8=0 ( K) ((p) * n=1 n s=0 ( Z’I’I,K) (‘p)

N-—-1

=0

3

(A13)

S () () w5 (81) (5) "5 (12) (£) e} o

To obtain this recurrence relation we have used the
relation

B (3 (L) o= () e

ICA):

n

the general formula (verified analytically in MATHEMAT-

N
> ( ") (—) Pa(2) = (~1)Y/2Py(0) (1 - 2%)%.
The relations (A12) and (A15) are particular cases of  n=0 z
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APPENDIX B: FORMULAS FOR
COMPUTATION OF TRANSCENDENTAL
FUNCTIONS

The generalized Clausen function is defined as [14]
>, cos (nf)
Clzo41(6) = Z n2s+1

= R_e [Li23+1(€i9)] )
Clavsa(8) = 3 22020)

n2s+2
n=1

= Im [Lizo42(e”®)] , s =0,1,2,...,

where Li represents the polylogarithm function. Their
series expansions may be obtained from the relation be-
tween the Lerch function ®(z, s, v) and the polylogarithm
function [15]:

3157

so that
Clas+1(6) =Re [e'.9 ®(e*, 25+ 1, 1],
Clz,12(8) = Im [¢* ®(e*,25 4+ 2,1)] .

For |lnz| <27, s=2,3,4...,and v #0,-1,-2,
the Lerch function has the series expansion [15]:

B(z,5,0)= ZC (lnz)
((“”)) f(s) — $(v) — In (ln1/2)].
(B1)

Here, ((s,v) is the generalized Riemann { function and,
the prime indicates that the term with n = s —1 is to be
omitted.

Substituting in (Bl), z = exp(i#) and ((-n) =

2®(2,s,1) = Lis(2) , —Brni1/(n+1), [((0) = B;], we obtain
J
= —2n -1)° , 0%
Clva(0)= et caye G a(2s) 6% = (1) s 1l
> n 9211
S ((2s+1-2 L (-D? . , 6%t
Clzai2(0) = Z i(sz—:ml)(—l)"am + @—sx)ﬁg(zs +1) 62+ — (—1) ESNAL
o n g2n+1
- H;IB”—?’('I) @ntDin—2s) (B3)
f
where g(s) = Y, ,1/p = 9¥(s + 1) — ¥(1), Bn are  rem for the Hankel functions [13]:

the Bernoulli numbers and 1)(s) represents the digamma
function.
We mention that, for 0 < < 2w, we also have

—In |0| Z Bzﬂ

APPENDIX C: LATTICE SUM IDENTITIES

9211

Chl®) V" Gy

To express the lattice sums (14) and (15) in terms of
the lattice sums (7), we apply Neumann’s addition theo-

I

Y. HZ,(Inlkd)Jm(kd/2), (C1)

n=—oo

H (k|nd + d/2|) =

(Inlkd)Jm (kd/2). (C2)

£+m

HM (kjnd — d/2|) = Z HY (

n=—oo

From (14) we obtain

sf = (-1)HM (kd/2) + Z H (klnd — d/2|) e + Z H® (k|nd + d/2|) e e~xond

n=1

= (-1)*H" (kd/2) +Z Z HY (nkd)J,

n=1m=-—o0

= (-1)tHM (kd/2) + Z I (kd/2) ZH“)

m=—00

' (kd/2)e '“°"d+2 Z HY (nkd)J,

1.ao nd

m(kil/2) (~1) e o0

n=1m=—oco

+ (__l)te—iaond] ,
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and a similar expression for s, . Finally, substituting (8),

we get
sg = (-1

1)¢HM (kd/2) + (kd/2), (C3)

Z Sl-l—m

m=—00

Z St-mJm(kd/2). (C)

m=-—00

= HY(kd/2) +

By means of (16) we obtain the relation

[eieod — (~1)¢) H{ (kd/2)

oo

= Z [Sl+m - em"ng_m]

m=—00

Im(kd/2), (C5)

and, by changing the summation index, we are led to the
lattice sum identity:

[efood — (—1)*) H{V (kd/2)

i Tm—t(kd/2) = €200, (kd/2)] S, (C6)

or

[eood — (=1)1] H{V (kd/2)

(=)™ — &) J,_p(kd/2)Sm .  (CT)

N

m=—0oo

Il

To obtain the lattice sum identities for S; and S},
separately, we rewrite (C7) in the form

[efood — (=1) J{ N (kd/2) + SoJe(kd/2) +

m=1
+ [eiaod+

for ap, and

[efood — (1)1 H{V (kd/2) =

[(—1)" — e**4] Jo(kd/2)S,

+ 3 [0 = o] gy (kd/2)S

m=

+i l+m__

—

4] Jy i (kd/2)S .

-

3

Taking into account that S_,, = (—1)™5,,. we have

[ereod — (~1)¢] [H(”(kd/2) + Sode(kd/2)]

= 3 [y — e
X [ Tem (kd)2) + (=1)™ Jesm(kd/2)] S

Now, we split the series in the right hand side, for lattice
sums of even and odd order:

[erod — (—1)[H" (kd/2) + SoJe(kd/2)]

_ Z [(_1)£ _ eiaod] (Je—2m(kd/2) + Jos2m(kd/2)] Szm

_ Z [(_’1)3 +eiaod‘!
m=1 ’
X [J£~2m+1(kd/2) - Jl+2m—1(kd/2)] S21n——v1- (('8)
From (9) and (10), we deduce the relations:

Sae(—ap, k,d) =
5224(*010, k,d) = —522—1(00-, kvd) .

Sg[(ao,k,d) N (Cg)
(C10)

so that we have two relations of the form (C8)

i J[ 2m kd/Z +J£+2m(kd/2)152m}

m=1

1)] { 3 (Je—2m+1(kd/2) — J1+2m_1(lcd/2)}52m_1} =0.

e~i@od _ (—1) ) H (kd/2) + SoJe(kd/2) + 3 (Je—2m (kd/2) + Jos2m(kd/2)] S2m
[ ) 3

m=1

— [e‘i"ﬂd + (—l)l] {i [Je—2m+1(kd/2) — Joyam-1(kd/2)] 52'"‘1} =0,

m=1
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for —ap. The sum and difference of these two equations give us

[cos (aod) — (~1)*] {H}"(kd/z) + SoJu(kd/2) + i [Je—2m(kd/2) + Jrs2m (kd/2)] szm}
+1 SlIl agd {Z [J[ 2m+1 kd/2) J[+2m_1(kd/2)] SZm—l} = 0, (Cll)

isin (aod){ H® (kd/2) + SoJo(kd/2) + Z [Te—2m (kd/2) + T 2m (kd/2)] szm}

m=1

oo

+ [cos (aod) + (—1)¢] { 3 Ve-ams1(kd/2) = Jeram-1(kd/2)] szm_l} =0. (C12)

m=1

Now, we may use (9) and (10) to split these equations into the real and imaginary parts. Consequently, we have

m=1

[cos (@od) — (=1)*] {J,(kd/z) + 83 Je(kd/2) + i [Je—2m (kd/2) + Jes2m(kd/2)] sgm}

—SlI] a[)d {E [Jl 2m+1 kd/2) J[+2m_1(kd/2)] Sé’m—l} = 0, (013)

sin (agd) {Jt(kd/2) + 83 Jo(kd/2) + i [Je—2m (kd/2) + Jos2m(kd/2)] Szjm}

+ [cos (cod) + (—1)‘] {i [Je—2m+1(kd/2) — Jpi2m—1(kd/2)] Sélm—1} =0, (Cl4)
for S/, and
[cos (aod) — (—1)‘} {Yl(kd/Z) + SY Je(kd/2) + i [Je—2m (kd/2) + Jot2m (kd/2)] S;’m}

—SlIl aod {Z [J[ 2m+1 kd/2) J[+2m 1(kd/2)] SZm 1} =0, (015)

sin (aod) { Y,(kd/2) + S¥ Jy(kd/2) + f: [Te—2m(kd/2) + Jos2m(kd/2)] Sg’m}

m=1

+ [cos (crod) + (—1)] {i [Je—2m+1(kd/2) — Jey2m—1(kd/2)] S{m_l} =0, (C16)
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for SY.

Not all these equations are independent. If we denote
by

= (1+57) Je(kd/2)

+ i Je—2m(kd/2) + Joy2m(kd/2)] Sy, ,

m=1
(C17)
By =" [Je-2m+1(kd/2) = Jeram—r(kd/2)] Sy, s .
m=1
(C18)

in (C13) and (C14), we obtain the homogeneous system:

Ay [cos (aod) — (—1)£]
Agsin (aod) + By [cos (aod) + (—

— By sin (apd) = 0,
1)f] =0,
whose determinant vanishes identically for all £ € Z. The
same remark also applies to (C15) and (C16).
The first equation, (C13), is identically satisfied by the

expressions (A9) and (A10). To prove this, we make use
of the relation [16]:

— sin (ka sin (—na + z sina)
k_z { c:)I;Eka)) } Tetn(z) = { CLI; (na — z sina) } '
(C19)

where z and a are independent variables. Taking into

N. A. NICOROVICI AND R. C. McPHEDRAN 50

account that, for integer orders, the Bessel functions sat-
isfy the relation Jy(—z) = (—1)*J¢(z), and combining
relations of the form (C19), for z and —z, we obtain the
following equations:

Jz 2m + Jl+2m( )]COS (2"7101)
m=1
o ; cos (fa) cos (zsina) ;¢ = even
= —hilz) + { — sin (fa)sin (zsina) ;¢ = odd }
(C20)
and

Z (Je—2m+1(2) = Jes2m—1(2)]sin [(2m — 1)

= (—1)t*! Z Jam—1-¢(2)sin [(2m — 1)a]

m=—00

£ = even

= odd } - (€21

_ [ —cos(£a)sin (zsina)
- { — sin (£a) cos (z sin a)

By substituting (A9) and (A10) into (C17) and (C18),
respectively, then using (C20) and (C21) we obtain

Ay [cos (cod) — (~1)[] — Bysin (apd) = 0.
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